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1 Introduction

Recent results on 241 dimensional superconformal Chern-Simons theories [1] have shed
new light on the AdS,/CFTs correspondence. A long standing problem in establishing
this latter is the identification of the 241 dimensional superconformal gauge theories dual
to AdS, supersymmetric backgrounds. In the past, attempts to find duals have focused on
Yang-Mills theories flowing in the IR to superconformal fixed points [2-5]. It seems now
that supersymmetric Chern-Simons theories can do a better job. The N' = 6 ABJM |[1]
model nicely incorporates all relevant features of a dual theory for the M theory background
AdS; x S"/Z, including the maximally supersymmetric N = 8 case. Interestingly, for large
k a better supergravity description is provided by the type IIA background AdS, x P3. A
similar construction has been extended to models with less supersymmetry. Examples of
superconformal Chern-Simons theories with A/ = 3, 4,5 supersymmetry have been studied
in [6-14]. The properties of N’ = 2 theories have been investigated in [15, 16] and many
models have been constructed and studied in [17-22]. For models with A/ = 2 supersym-
metry the reduction to type ITA is still less studied.

In this paper we consider the particular case of the N' = 2, M theory solution AdSy x
MM its reduction to type IIA and its supersymmetric deformations. In particular we
find a family of N/ = 2 supersymmetric AdS, vacua in massive type ITA supergravity with
SU(3) x U(1)? isometry, which include the AdSy x M reduction as special case.

The interest in such solutions is two-fold. On one side, they provide non-trivial exam-
ples of AdS, supersymmetric vacua of massive type ITA. In spite of the many known AdSy



vacua, the picture we have so far is not exhaustive. In particular, most of the solutions
have SU(3) structure [23-27], which is the simplest case but not the generic one. Only very
recently, the conditions for N/ = 1 supersymmetric solutions with generic SU(3) x SU(3)
structure have been explicitly written and a type IIA solution was given [28]. As we will
see later, in order to have non zero Roman mass and a running dilaton, type ITA back-
grounds must have SU(3) x SU(3) structure. In that respect, our solution is one of the first
non-trivial examples of AdS; backgrounds with SU(3) x SU(3) structure.

On the other side, the solution is also relevant for the AdSs x C'F'T3 correspondence.
As noticed in [29, 30], the Roman mass can be interpreted as the overall Chern-Simons
coupling in the dual gauge theory. More generally, all the integer Chern-Simons couplings
and the ranks of the gauge groups should appear in the dual supergravity description. The
authors of [29, 30] analysed the ABJM and ABJ models, finding solutions with A/ = 0 and
N = 1 supersymmetry which are deformations of AdS; x P? and have a field theoretical
interpretation. They also find analogous solutions with A/ = 2 and N/ = 3 supersymmetry
at first order in perturbation theory [30], the entire solution still remaining to be found. The
same argument applies to all ' = 2 Chern-Simons quivers. In particular it should always
exist a massive type IIA deformation of the original supergravity solution which corresponds
to a quiver with arbitrary Chern-Simons couplings and ranks. The deformation should
preserve the same N = 2 supersymmetry and the same global symmetry as the original
theory. The solution we find in this paper corresponds to the supergravity backgrounds
MY /7. A candidate dual Chern-Simons quiver has been proposed in [15] and further
studied in [17]. It is based on a superpotential with manifest SU(3) x U(1)? symmetry.
The existence of a supergravity solution with the same symmetry can be seen as a partial
check of the correctness of the proposal.

We chose M because of its large global symmetry.! The isometries will allow to
reduce the supersymmetry conditions to a set of ordinary first order equations. Fortu-
nately these equations are not over-constrained and reduce to a pair of equations for two
unknowns, which can be used to show the existence of a regular deformation. We will study
the equations numerically and perturbatively. The AdS; x C'F'T3 correspondence suggests
the existence of infinitely many other N' = 2 supergravity solutions associated with all
Sasaki-Einstein manifolds with dual Chern-Simons quivers.? The methods of [29] and this
paper still apply. However the smaller symmetry makes it more difficult to find explicit
solutions to all orders. For example, in the case of another famous coset manifold Q!
studied in the Chern-Simons context in [18, 21], the global symmetry SU(2)? is reduced to
a single SU(2). Generic Sasaki-Einstein manifolds are even more problematic having only
abelian isometries.

The paper is organized as follows. In section 2 we review the M theory compactification
on MM its reduction to type IIA and the proposed dual quiver. In section 3, we study

Tn this case the global symmetry is larger than in the corresponding N = 2 deformation of ABJM,
where the full solution is still lacking. To the best of our knowledge, the type ITA reduction of M enjoys
the largest global symmetry among the N' = 2 models with known or proposed Chern-Simons duals.

2For example, M ! belongs to the family of Y77(P?) Sasaki-Einstein manifolds [31, 32]. These models
possess the same SU(3) symmetry and simply correspond to different choices of Chern-Simons couplings in
the dual quiver. We shall discuss the relation of our results to Y?¢(P?) in the following.



how supersymmetry is realized in type IIA. In section 4, we study the conditions for
supersymmetric massive type ITA deformations with SU(3) x SU(3) structure. We adopt an
SU(3) x U(1)? invariant ansatz, and we show that the system of supersymmetry equations
is not over-constrained. We determine algebraically all the quantities appearing in the
ansatz in terms of two unknowns for which we write a pair of coupled first order differential
equations. In section 5, we analyze numerically and perturbatively the solution, showing
that it is regular, and we determine the quantization conditions on the parameters. We
then interpret the result in terms of the dual Chern-Simons quiver. In the two appendices,
the conventions for the complex geometry of P? and the supersymmetry conditions for
SU(3) x SU(3) structures are reported.

2 The AdS, X M background and its dual

M theory admits N' = 2 supersymmetric Freund-Rubin solutions of the form AdSy x H for
every Sasaki-Einstein seven-manifold H. In this paper we will focus on the homogeneous
space H = M popular in the eighties, at the time of the Kaluza-Klein program, due
to its intriguing isometry group, SU(3) x SU(2) x U(1). We will make use of this large
isometry to find new AdS, solutions with N' = 2 supersymmetry.

M is a U(1) bundle over P2 x P!. The metric reads [33, 34]

1 1
dS?\/pu = dSH%Q + g(d(gQ + sin? 9d¢2) + 6—4(dT + A+ 2cos 6d¢)2 . (2.1)
7 is an angle with period 4x, while the one-form

A = —3sin? pu (dip + cos 6 do) (2.2)

satisfies d\ = 167y, where jg is the Kihler form on P?. For convenience of the reader, the
metric for P? and its natural complex structure are reported in appendix A, together with
a discussion of our conventions. M can be also described as the homogeneous space

SU(3) x SU(2) x U(1)
U(1) x U(1)

(2.3)

Such a characterization helped in the study of the KK spectrum.

Various properties of M relevant for the AdS; x CFTj correspondence, have been
analysed a long time ago in [2], where the KK spectrum and the dimension of baryonic
operators were studied. In the same paper, a candidate dual three-dimensional Yang-Mills
theory was proposed. There are various indications now-days that a better candidate for
the dual field theory is a Chern-Simons theory. An N = 2 Chern-Simons theory with the
right moduli space was identified in [15] and further studied in [17]. The theory is based on
a quiver with three gauge groups and three sets of chiral fields U;, V;, W;, with i = 1,2, 3,

3 In this and the following section, we set for simplicity the cosmological constant A = —3|u|*> = 12.
We will set also gs = 1 for the asymptotic value of the dilaton in type IIA. These quantities can be easily
reintroduced by rescaling the metric (2.1) and the RR fluxes Frr — giFRR.



transforming in the (IV, N,0), (0, N, N) and (N, 0, N) representation of the gauge groups,
respectively. They interact with the superpotential

There is a Chern-Simons coupling k; for each gauge group but no Yang-Mills terms. The
theory has a global SU(3) symmetry rotating the indices ¢ = 1,2,3 of U,V,W. Note
that this theory has the same field content and superpotential as the quiver associated to
D3-branes sitting at a C3/Zs singularity and describing a 3 + 1 A" = 1 superconformal
theory.

With the choice of Chern-Simons couplings k1 = k, ko = k, ks = —2k, the moduli space
of the theory is the Calabi-Yau cone C(M!!!)/Z;,, and the theory describes the M theory
background AdS; x M /7, It is interesting to see in details how this happens [15, 17].
As discussed in [11, 13, 15], the D-term equations in a N/ = 2 Chern-Simons theory are
modified by a term proportional to the Chern-Simons coupling

D, = kqo . (2.5)

In this formula, D, is the momentum map for the action of the a-th U(1) gauge field on
the elementary fields, and o is an auxiliary field in the gauge multiplets. More explicitly,
the previous equations read

3
Y Ui = Vil = ko,
i=1

3
S Vil = [Wil? = koo,
=1

3

DW= U = kso. (2.6)
=1

These equations should be supplemented by the F-term conditions
UiV =U;Vi  VilW; =V;W; Wiy = W;U; i#7j (2.7)

The sum of the three equations in (2.6) is zero, reflecting the fact that the overall U(1)
acts trivially on the fields. The difference of the first two equations in (2.6) imposes the
vanishing of the momentum map for U(1); — U(1)s. The last equation just determines the
value of . We see that effectively we should only divide by the (complexified) gauge group
U(1); — U(1)2* which acts with charge +2 on U; and charge —1 on V; and W;. U(1)3 is
broken to Zj by the Chern-Simons interactions and remains as a global symmetry.

For k = 1 the theory has symmetry SU(3) x SU(2) x U(1), where SU(3) acts on
the 1, 7, k indices, U(1) is the R-symmetry, which rotates all the fields (U, V, W) with the

4As usual, a momentum map condition and the modding by the corresponding gauge group can be
combined into the modding by the complexified gauge group.



same charge, and, finally, SU(2) is the enhancement of U(1)3 obtained by considering the
doublets Rf‘ = (V;, W;). The gauge invariant chiral operators are given by

O, = (URR)", (2.8)

where the SU(3) and SU(2) indices are symmetrized due to the F-term conditions. Since
the superpotential W must have R-charge two, O,, has R-charge 2n. In conclusion, there
is exactly one chiral multiplet with R-charge 2n transforming in the [3n, 0] representation
of SU(3) and the 2n representation of SU(2). We recognize the KK spectrum of M theory
compactified on M [2]. A more geometrical proof, based on toric geometry, that the
moduli space of the Chern-Simons theory is C'(M!!) can be found in [15, 17, 35].

For k # 1 we have to mod by Zj, € U(1)s, which acts with charge +1 on W}, and charge
—1on V;. The moduli space is now C'(M™1)/Z; and the SU(2) symmetry is broken to U(1).
7y, acts indeed on a circle in M reducing its radius. For large k the compactification
on AdSy x M™ /7, is effectively reduced to a type IIA compactification, as in the ABJM
model. It is easy to identify the action of Z; with a shift of ¢ in the metric (2.1). Reducing
along ¢ gives a supersymmetric type IIA background with non trivial dilaton, F5 flux and
SU(3) x U(1)? symmetry. The metric is

ds?, = €24 dsgs, + dsg . (2.9)

where the metric of the six-dimensional compact manifold is

1 sin%6

—  (dT+ \)?. 2.10
32 1—|—sin29(7—+ )] ( )

1
ds = e*A[ds2, + 3 de* +

The term d7 + A in the original metric determines a non trivial RR two-form

cos 6

F=d|l—"
? 2(1 + sin®0)

(dr+ M) . (2.11)

Finally, the warp factor is proportional to the dilaton and is given by
1
e = 2/3 = 1V 1 +sin?6. (2.12)

Type IIA reductions of M and other Sasaki-Einstein manifolds have been considered
in the past [36, 37]. The reduction was performed on the obvious U(1) circle bundle with
the result of breaking supersymmetry. The natural U(1) bundle of the P2 x P! fibration
corresponds indeed to the R-symmetry. A reduction along the Zj action, on the other
hand, preserves supersymmetry since Zj is a subgroup of the global SU(2) symmetry.

In the following section we will verify that the previous solution is N/ = 2 super-
symmetric. We will then find an N/ = 2 supersymmetric deformation of this solution in
massive type ITA preserving SU(3) symmetry. As suggested in [29] such solutions should
correspond to the case ) k, # 0 and possibly generic NN;. The existence of a solution
is predicted by the Chern-Simons theory since a modification of )k, and N; does not
affect the superpotential and preserves the SU(3) symmetry. It is quite remarkable that
such supergravity solution actually exists.



3 Undeformed solution

We now verify that the background (2.9)—(2.12) is a solution of type ITA supergravity with

N = 2 supersymmetry. M admits two real Killing spinors which give, after reducing

to six dimensions, one Weyl spinor each and, hence, N' = 2 supersymmetry. We use the

language of Generalised Complex Geometry [38, 39] which is briefly reviewed in appendix B.

Since each Killing spinor can be seen as defining an SU(3) structure, a convenient

way to check supersymmetry is to look for two pairs of SU(3) structure pure spinors
satisfying [40, 41]

4A
(d— HA) AP Imd_) = —3¢24 4 Im D, + % « \(F), (3.1)
(d— HA)(2479P,) = —2ue’ P Red_, (3.2)

where p is related to the cosmological constant in AdSy; by A = —3|u/?>. By changing
phases in the spinors we can always take u real, and we will do so in the following.

We can write the SU(3) structure pure spinors as in (B.9), choosing the parametrization
a = ie/2eiPte) and ¢ = eA/2ei

o, = %eipeA e o = —%ei(’)”a)eA 0. (3.3)
The fibered structure of the six-dimensional metric suggests a natural splitting into
base and fiber directions for the choice of the holomorphic three-form 2 and Kéahler form J

Q=iwAz, J:j—l—%z/\é. (3.4)

Here z is a one form on the S? fiber
- A in 0
p= —C|df + i (AT + )| (3.5)
2V/2 24/1 + sin? 6

while j and w are a rotation of the natural complex structure on P? (see appendix A

for notations)

2A(cos v jo + sinyRewy) ,

2A[(

j=e

w = e“?[(—sinyjo + cosyRewpy) + i Im @), (3.6)

with v a function of the angle 6 on the two-sphere.
With the choice (3.3), the equation (3.2) for the even pure spinor reduces to the
two conditions
d(BA—p+ip) =0, (3.7)
dJ —iH = —2pe~ e A Re(—ie'P+2%) Q) .

The first equation sets p to a constant and implies the same proportionality as in (2.12)
between the dilaton and the warp factor

©=3A. (3.9)



Since H = 0 in the solution, from the second equation we see that ¢ must be real.
Choosing p = 0, it is straightforward to verify that (3.8) is satisfied by the ansatz (3.4)—(3.6)
with a = 7/4, p = —2 and

cos sin 0
Ccosy = ——, siny = V2———o. (3.10)
V14 sin%0 V' 1+ sin?0

Similarly, equation (3.1) for ®_ gives the closure of the imaginary part of {2

dle=* Im(Q)] =0, (3.11)

and the RR fluxes
Fy =0, e x Fyg = —6, (3.12)
Fy=0, ey Fy = —d(e? Re Q) 4 3J°. (3.13)

Again, it is easy to check that the ansatz (3.4)—(3.6) solves the equation for the closure of
Im 2 and that the F5 defined in (2.11) satisfies (3.13). Finally, we can take the equation
for Fy as a definition of the cosmological constant in the solution.

The discussion above proves that, reducing the M background, we obtain a solu-
tion of ITA with one supersymmetry. We still have to look for the second supersymmetry.
However, it is immediate to construct a second pair of pure spinors satisfying the equa-
tions (3.1),(3.2). These have the same form as in (3.3), with  and J defined as in (3.4),
but with a different complex structure obtained by a change of sign in the coordinates on
the base

j = e2(—=cosvjo+sinyRedy), (3.14)

w = e2A[(sin~y jo + cos yRe ) — i Im &), (3.15)
. A .
ie sin 6

z2=——=|df —i——=(d7 + \)| . (3.16)
2v2 21/1 + sin? ¢

As already mentioned, there are other solutions of type ITA with N' = 2 supersymmetry
and SU(3) structure with the same global symmetry. M!! belongs indeed to the larger
family of Sasaki-Einstein manifolds Y?¢(P?) with SU(3) x U(1)? isometry. These solutions
correspond to different choices of Chern-Simons couplings with p = ky + ko, k = 2k1 + ko
for ki,ko > 0 [32]. The reduction to a type IIA background can be found and studied
similarly.

4 Deformed solution

Now we come to massive type IIA deformations of the previous background that still
preserve N' = 2 supersymmetry and have SU(3) global symmetry. These are obtained by
introducing the Roman mass Fj.

We choose an SU(3) invariant ansatz for the metric

ds?, = 62‘4(9)ds?4d&1 + dsZ, (4.1)



where the six-dimensional compact manifold is still a 2-dimensional fibration over P2
1 1
ds? = *B0) [ds]%g +3 2(0)do? + 6—4r2(9)(dT + )\)2} : (4.2)

It is still convenient to define a one-form on the S? fiber

_ i BO) o) [ €0) 1 }

z=—te Ve + =T@)(dr+N)| . 4.3
s+ T+ (1)

The phase v will be fixed shortly. Since we can redefine 6, one of the functions in the

ansatz is redundant. We will use the freedom to change coordinate later.

For the fluxes, we take the natural SU(3) invariant ansatz

F0:f07

Fy = f2(0) jo + %92(9)2/\57

L -
F4:f4(9)J0/\J0+§g4(9)z/\z/\]0,

s = 643(9)2 fe(@)zNZ /\jg ,
H = h(0)jo NdE. (4.4)

The ansatz is SU(3) invariant since jo and X are.

It is easy to check that, when Fy # 0, the supersymmetry equations for SU(3) structure
pure spinors require constant dilaton. Since the dilaton is running even in the unperturbed
solution, we are led to consider solutions with SU(3) x SU(3) structure. We can write the
SU(3) x SU(3) structure pure spinors as in (B.10), choosing the dielectric ansatz [30, 42]

A2 = COS¢eiaeA/2 ’

y =singe "@e/? . (4.5)

a =icospePe®e
b= —isingePe @eA/?
Here p, ¢ and « are functions of the angle 6 on the fiber.

An SU(3) x SU(3) structure corresponds to a 4 + 2 splitting on the internal metric,
determined by a vector z. It is natural for us to use the splitting into P? and S?: z has
been defined above and j,w are defined as in (3.6), with a possibly different function ~.
This is the natural generalization of what we used for the undeformed solution. A quick
analysis shows that we can consistently choose & = 7/4 as in the undeformed case.

We need to solve (3.1), (3.2) for the new pure spinors. To simplify our notations, let
us notice that the 10-dimensional metric is invariant under the simultaneous rescaling of
and e”, so that we can reabsorb p in the definition of A.> We use this freedom to fix again
i = —2. The one-form component of (3.2),

d(ie347 € cos 2¢) = —4e*A7% Re(ie'” sin2¢ 2) (4.6)

®Since ® ~ e, the pure spinor equations can be reformulated in terms of e?/u and e>4~% and the

3A

phases in the dielectric ansatz. The arbitrary constant in e®”~% can be reabsorbed by a rescaling of the

RR fluxes and will be set to one in the text.



immediately gives a lot of information. The fact that the right-hand side must be closed
implies that it is proportional to df. This can be obtained by choosing v = p in (4.3). The
imaginary part of the previous equation then fixes the dilaton

L N — (4.7)
cos 2¢ cos p

Again, for simplicity, we omitted an arbitrary constant. As easily seen from the equations,
the constant can be reintroduced by rescaling the RR fluxes, F' — F/gs.

The remaining equations give several differential and algebraic constraints for few
unknown functions, A, B, I, ¢, p, &, 7, fi,vi- To these constraints we have to add the Bianchi
identities for fluxes

dF —HAF =0. (4.8)

There are clearly more equations than unknowns. However, this formidable system is not
over-constrained and, with some patience, it can be reduced to a pair of linear differential
equations for two unknowns. All other quantities can be obtained algebraically and the
Bianchi identities are automatically satisfied.

In order to simplify the resulting set of equations, it is convenient to use the freedom of
redefining . We can always choose coordinates where () is the function defined in (3.10).

With this choice we can write a pair of linear differential equations for the quantities ¢ and
w = 462(3*‘4),

B sin4¢ cot 6 [w — 2(sin? 2¢ + 2tan?6)]
4w (1 4 sin? ) — 2cos? 2¢ (2sin? 0 + cos? 6 sin” 2¢)] ’
p —w cot @ (sin” 2¢ + 2tan? 0)(w — 4 — 4sin? 2¢)

= . 4.9
v 2w (1 4 sin? ) — 2 cos? 26 (25sin? @ + cos? § sin® 2¢)] (4.9)

All other quantities are then determined in terms of the previous ones. It turns out
that tan p = — cot #sin2¢/y/2. The functions appearing in the metric are given by

A 2v/2sin26 (1 +sin?0)
e -
fo  cos?2¢ sin 20
¢ — 2y V/4tan2 6 + 2sin? 2'¢2 o
sin 2¢ (w — 4 tan? 6 — 2sin” 2¢)
2 cosf \/2 tan? 0 + sin® 2¢

_\/a V1 +sin?6

(4.10)




The fluxes read

h — V3 sin @ (sin% 2¢ + 2 tan? ) o
V(1 +sin?0) [w — (2sin?2¢ + 4tan26)]
o4 [w(1 +sin?0) — 4cos? 6 (2tan?  + sin? 2¢)]
2v/1 + sin? 0 cos 6 cos 2¢
=44 [3w(1 + sin? §) — 8cos? @ (2tan? 6 + sin? 2¢)]
(1 + sin? 0)w
~ wlw(l 4 sin?§) — 8cos? § (2tan? § + sin® 2¢)] sin 2¢
fa= - 81/2sin 26 cos? 2¢ ’
1 o, [Bw(1 +sin?6) — 4cos? 0 (2tan? 0 + sin? 2¢)] tan 2¢
o sin0 /1 1 sin” ’
3 sin 26 cos? 2¢
Jfoe = —=fo —
V277 (1 4+ sin® 6) sin 2¢

In all the expressions above fj is set to a constant by the Bianchi identities.

fa=ce

g2 = —2

)

(4.11)

The solution has N’ = 2 supersymmetry. The second supersymmetry is obtained, as
in the unperturbed case, by changing complex structure as in (3.14)

= e24(=cos7(h) jo + siny(0) Rewy) (4.12)
w = e2A[(sin(0) jo + cos¥(8) Rewp) — i Im wy] , (4.13)
2 = —ieBO w0 [ €O) gy P@O)(dr+ N (4.14)

22 8

The pure spinors are given by the dielectric ansatz with ¢ — —¢, p — p. The super-
symmetry equations are then satisfied with the same metric and fluxes as before. The
relations (4.9)—(4.11) remain true.

5 Analysis and interpretation of the solution

We were not able to solve analytically the system of equations (4.9)—(4.11), but we can
study the properties of the solution using perturbation theory and numerical analysis.

We have solved the equations (4.9)—(4.11) up to third order. The idea is to define
a perturbative expansion where ¢, p and the fluxes H, Fy, Fy receive corrections at odd
orders, while the metric and fluxes F5, Fg receive corrections at even orders. The constant
fo has an odd expansion, while i an even one. At first order we find

o) =2 cos 26, (5.1)
with fluxes

rD = /2e0) gin3 0,
(1) _ (1) 3cos20 — 1
= 32v2
4 Vae cos20 -3’
) €os 30 — 13 cos b

(I _ (
— 64 .
94 ¢ (3 — cos 20)3/2

(5.2)

,10,



The constant fj requires a word of caution. As one can see from equation (4.10), the limit
fo — 0 is singular. The correct unperturbed limit is obtained by sending simultaneously
fo — 0 and ¢ — 0. The solution of section 3 is obtained by setting

£ = 64v/2¢D (5.3)

The metric receives corrections at second order, which can be easily determined and
which depend on a second arbitrary constant. We do not report the expressions here. We
have checked the regularity of the resulting metric for all #, and, in particular, at the North
and South poles and at the equator of the sphere. Up to third order, the expansion gives
a perfectly regular solution of type IIA supergravity.

More generally, we can study the regularity of the metric near the North and South
pole by expanding € around 0 and 7. By solving the equations (4.9)—(4.11) near 6§ = 0
we find

¢:¢10—<%¢1+4¥§>63+0(95),

w = wo + %(4 —wo)(1 + 262) 62 + O(6%) (5.4)

An identical expression holds at the South pole with different parameters ¢;,@wy. The S2
metric will be smooth near the poles if it reduces to the flat metric in polar coordinates.
It is easy to check, using equations (4.10), that

1+ 2¢3
wo

.y : I — v2¢(0)0, (5.5)

at the North pole, and similarly, with ¢; — &1, woy — Wy, at the South pole. The vector z
has then an expansion (fixing an arbitrary point in P?)

o d(—Op) +i(0— ap)% (5.6)

at both poles. Since 7 has period 4w, this guaranties the regularity of the metric. Warp
factors and fluxes are similarly computed and are regular. The expansion of the equations
near the equator is also smooth.

We can further study the solution by numerical analysis. We can use ¢1,wy as pa-
rameters labeling the solutions of the system (4.10). The analysis shows that there is a
two-parameter family of regular solutions departing from the unperturbed one. The shape
of ¢ and e*4 is shown in figure 1 for special values of the parameters.

The solution depends on four arbitrary parameters: the asymptotic value of the dilaton,
gs, and the radii of AdSy, P? and S? (these are functions of fo, ¢1,wp). To these, we can
add the zero modes of the B-field on the two two-cycles in the solution,® for a total of
six parameters. Their values are constrained by flux quantization. fy is interpreted as the
period of a zero form and must be an integer. For the other RR forms, we define Page

SWe thank Alessandro Tomasiello for an enlightening discussion on this point.
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Figure 1. Graphics of ¢ and e for the values of parameters ¢; = 0.02 and wg = 4. The symmetry
0 — m — 0 is only present for the value wy = 4.

charges associated to the quantities FQ = Fy — B, F4 = F,—BAF; and FG = Fs— BAF}.
As we already said, the Bianchi identities are satisfied and these forms are closed. It follows
from the ansatz (4.4) that we can conveniently write them as

(dr + )\)}

(5.7)

Fy—Bfy=d|forl T
H fo [f2 G G

Fy— BAF, :d|:f4(d7—7+)\):| .
We have to impose that the periods of these forms on all non trivial internal cycles are
integer (in suitable units). A basis for the two-cycles is given by a copy of P! € P2 at § = 0
and by a copy of S? at a chosen point in P?. Similarly, a basis for the four-cycles is given
by P2 and P! x S2. Equation (5.7) allows to evaluate easily the periods. For example,
without including the zero modes of the B field, we have

[P = Ll = 2200 [ Br=n0) [ o 5:8)

All these integrals can be expressed in terms of the parameters of the solutions. The the
zero modes of B can be easily included. We obtain six quantization conditions for the six
parameters in the solution.

Now we can compare the results with the field theory expectations. The original Chern-
Simons theory can be deformed preserving N' = 2 supersymmetry by changing the ranks N;
and by relaxing the condition ), k, = 0. Since the superpotential is unchanged, the SU(3)
global symmetry is also preserved. The most general SU(3) invariant A/ = 2 Chern-Simons
quiver depends on six integer parameters, the three ranks N; of the gauge groups and the
three Chern-Simons couplings k,. We have room to describe all these in our deformed
solution. The precise identification of the supergravity parameters with the field theory
ones is complicated. A very rough identification is as follows. The original parameters N
and k are still described by the constants in the dilaton and the AdS radius. The )k,
can be associated with fy [29], while the difference between the ranks of the gauge groups
should correspond to the zero modes of the B-field [12]. The extra parameter corresponds
to varying the ratio of the F, periods on the two-cycles. In the unperturbed solution, this
would correspond to replacing M1 with a generic member of the family Y?4(P?). It is
reasonable that our solution for fy # 0 already describes the quiver with generic k;, as the
parameters of the supergravity solution suggest. In fact, one can explicitly verify that our
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set of equations in the limit fy — O contain, in addition to the solution given in section 3
with w = 4, other solutions with non-trivial w corresponding to the dimensional reduction
of the manifolds Y?4(IP?) for generic (ky, ko, —k1 — k2) [31, 32]. The different values of k,
appear in type IIA as periods of F5.

As a final check, we can insert D2-brane probes in the background [30]. As discussed
in [30, 43, 44], the supersymmetry conditions for a probe D2 requires

d(Re ®|(y) = d(tanp) = 0. (5.9)

Using the perturbative and numerical expansion of the solution it is easy to check that a
supersymmetric locus for D2 probes corresponds to # = /2. On this locus, the 7 fibration
over P? reproduces S°/Zs. The moduli space for a supersymmetric D2 is obtained by
adding the radial direction in AdS, giving the cone over S°/Zs, which, as a complex
three-dimensional manifold, is C3/Zs. This result matches the moduli space of Chern-
Simons quivers for )k, # 0, which becomes three-dimensional. This is simple to see
from equations (2.6). The sum of the three equations gives o>, k, = 0, which implies
o = 0. The equations (2.6) become standard D-term constraints for all gauge groups. In
particular, we mod also by U(1)3, reducing the complex dimension of the moduli space of
one unit. The moduli space is then the same as for the 3 + 1 dimensional superconformal
theory based on the same quiver, that is C3/Zs3.”

6 Conclusions

In this paper we have considered an AdS, solution of massive type ITA supergravity with
N = 2 supersymmetry and SU(3) x U(1)? global symmetry. Having non zero Roman mass
and non trivial dilaton, this solution has SU(3) x SU(3) structure.

The AdS4 x CFTj correspondence actually suggests the existence of many supersym-
metric AdS, vacua still to be found. The method in this paper can be applied to various
Sasaki-Einstein metrics. The generalization to YP4(IP?) is already contained in our de-
formed equations. More interesting would be to find solutions for the family Y7:4(P! x P1),
which includes Q'!'!. In this case, the global symmetry is typically reduced to SU(2)? and
the corresponding solution can be harder to find. Even in the apparently simple case of
ABJM, the solution at all order is still lacking. The perturbative method of [30] however
always applies. It would be interesting to perform a perturbative expansion for the Sasaki-
Einstein manifolds where a dual quiver has been proposed. This would be an interesting
check of the correctness of the proposal, which is still unclear since many standard checks
of the correspondence cannot be fully performed in 2+1 dimensions.

One can also study deformations with N' = 1 supersymmetry. Many solutions are
still predicted by the correspondence, since the dual quiver can be typically deformed to
N =1, usually loosing some global symmetry. Alternatively, one can forget about the dual

"Recall that the case > o ka = 0, corresponding to zero Roman mass fo, is special: the moduli space
of the quiver is of complex dimension four [13, 15, 16] and we can uplift the solution to M theory. For
> ka # 0, differences between models seem to disappear: as discussed in the text, the moduli space of all
YP4(P?) quivers degenerates to C*/Zs and this is well captured by the type IIA geometry we found.
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interpretation, and search for ' =1 SU(3) x SU(3) solutions with large global symmetry.
As shown in this paper, although apparently complicated, the supersymmetry conditions
can be sometimes simplified and reduced to a simple set of equations. In particular, it
would be interesting to see whether there exist other N' = 1 solutions of the equations we
wrote with SU(3) global symmetry. This is left for future work.

Note added. As noted in [45], P? can be replaced by any compact Kéhler-Einstein base
B without affecting the conditions of supersymmetry and without modifying any of the
formulae in this paper. In fact, all the equations follow from the existence of a trio of forms
A, jo,wp on the base satisfying d\ = 16jy, dwg = z% A wg, which is a distinctive feature of
all Kéhler-Einstein manifolds. For any M theory background Y?¢(B), the equations in this
paper define an AdS, massive type ITA deformation with non zero Roman mass and with
the same global symmetries of B. This agrees with the expectation that the corresponding
quiver can be deformed by changing the Chern-Simons couplings and the ranks of the gauge
groups without breaking the global symmetries. This construction applies in particular to
B = P! x P! which can be used to describe Q' and its quotients.
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A Conventions for P?

In our conventions, the metric on P? is normalized as
3 1 - 1 ~ R
dS]2P>2 =1 du? + 1 sin? j1 cos? p?(dy) + cos 6dg)? + 1 sin? ;4(d#? + sin® 6d¢?) (A1)
and RE; = % gf,f . We chose vierbein,

el = ? 7 sin pucos p(dip + cos 0 dg)

e? = é7“d,u,

2

ed = ? rsin p(siny df — COS1/JSin§d‘5) )

et = ? rsin pu(cos ¢ df + sin ) sin 6 dg) (A.2)

The complex structure of P? is given by z; = ey +ies, 20 = ez + ieq. We define the Kéhler
form and the holomorphic two form as

Jjo = %(dzl AdZz; +dzg A dig) R (A?’)
wo = le A\ dZQ . (A4)
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It is also convenient to define a rescaled &g = ¢™/2wy. A straightforward computation

gives the following useful relations:

dj(] = 05
dr + A
dRedy = — T;’ ATm &y,
dTm g = dT;A A Redy .,
d(dr + ) = 16jo (A.5)

where the connection one-form A\ = —3sin? y (dv + cosédq@) satisfies d\ = 16jg. Let us
notice that jo and A are SU(3) invariant while @y is not.

B Supersymmetry equations and pure spinors

In this paper we will be interested in solutions of type IIA supergravity corresponding to
warped products of AdS, with an internal compact manifold

ds?, = e?Ads? 4 ds?, (B.1)

where A is the warp factor.
The solutions are also characterised by non-trivial values for some of fluxes, respecting
the symmetries of AdSy. The NS H-field has only internal indices and the RR fields split

F"™ =voly A Fy_y + Fp, (B.2)

where voly is the unwarped four-dimensional volume. We can use Hodge duality to express
the RR fluxes in terms of the internal components only

By = Nx6Fo—p), (B.3)
where X acts on forms as the reversal of all indices A(F},) = (—1)P/2E,

Generically, a supersymmetric solution of type II supergravity can be characterised
by the form of the spinorial parameters solving the supersymmetry constraints. For back-
grounds which are of product type, such parameters factorise accordingly into 4 and 6-
dimensional spinors. For type IIA a suitable ansatz is

e =(r@ny+(®n, (B.4)
€ =Con+Gon,
where ( is a four dimensional Weyl spinor and 773_, with ¢ = 1,2, are two a priori indepen-
dent six-dimensional Weyl spinors. The subscripts £ denote positive and negative chirality
spinors, in four and six dimensions.

The spinors n' and n? define an SU(3) structure on M, each. The intersection of the
two will define an SU(2) structure on M and a vector z. We can write

M+ = any +bx4 (B.5)
M2+ = TNy +YX+,
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where x4 = %z -n—. mn— is the complex conjugate of ni and z- denotes the Clifford
multiplication by the one-form z,,~7™.
If the two spinors are everywhere parallel,

ny = an, n =, (B.6)
with a and b complex functions, the two SU(3) structures are identified and the manifold
admits an SU(3) structure.

A convenient formalism to study supersymmetric flux backgrounds of this type in type
IT theories is provided by Generalised Complex Geometry [38, 39]. Given a 6-dimension
manifold M, one considers the sum of tangent and cotangent bundles, TM @& T*M, and
then construct the corresponding spinors. These are Spin(6,6) and have a representation
in terms of polyforms on M: positive and negative chirality spinors will correspond to even
and odd forms, respectively,
do e Aeven/odd(Tr gy (B.7)
As far as supersymmetry is concerned, we will be interested in pure spinors, namely
vacua of the Clifford algebra. These can be constructed as tensor products of the super-
symmetry parameters 771 and 772
bi=n}@n. (B.8)
The pair of pure spinors (B.8) are also compatible (they have three common annihilators)
and therefore define an SU(3) x SU(3) structure on TM @& T*M. In a way the the two
SU(3) can be seen as corresponding to the two SU(3) structures associated to the spinors
n' and n?. Then, depending on the relation between them, the explicit form of the pure
spinors will change.
For SU(3) structure, the pure spinors have a particularly simple form

o, = %eﬂ:},
o = —%Q, (B.9)

where J and 2 are the Kéahler form and the holomorphic three-form on the manifold. For
the general SU(2) case, the pure spinors read
1 g g _
P, = 3 [afe—” + bje —i(agw + fb@)]el/QZZ,
1 - -
o = 3 {i(by@ — azw) + (bze — ayeﬂ])] z, (B.10)
with |a|? 4 [b]? = |z|> + |y|> = e4.

Supersymmetric vacua can be found by solving the ten-dimensional supersymmetry
constraints and the Bianchi identities for the NS and RR fluxes. In [40, 41], it was shown
that the supersymmetry conditions are equivalent to a set of differential equations for the
pure spinors 4+ on the internal manifold M. In type IIA such conditions read

(d—HA) (e PRe®_) =0, (B.11)
4A

(d— HA)(EA P Im®_) = —3e24¢uIm &, + % * A(F), (B.12)

(d— HA) (249D, ) = —2ue’ ¥ Re®_, (B.13)
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where f is related to the cosmological constant A as A = —3|u|?>. Notice that the first
equation is actually implied by the last one.

Similarly the Bianchi identities can be given in terms of the internal fluxes only
dH =0 (d—HA)F =0, (B.14)
where F' is the sum of all internal RR field strengths

F:F0+F2+F4+F6. (B15)
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